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Abstract. Suppose that X is a complex projective variety and L is a 
pseudo-efïective diviser. A numerical réduction map is a quotient of X 
by ail subvarieties along which L is numerically trivial. We construct two 
variants: the L-trivial réduction map and the pseudo-efïective réduction 
map of |Eck05| . We show that thèse maps capture interesting géométrie 
properties of L and use them to analyze abundant divisors. 



1. Introduction 

Let X he a complex projective variety and let L be a pseudo-effective 
divisor on X. One fruitful way to study the geometry of L is to analyze 
maps defined by sections of multiples of L. Our goal is to develop a similar 
theory of maps that reflect numerical properties of L. 

The theory of réduction maps, introduced by Tsuji and [BCE+02] . pro- 
vides a systematic way of defining such morphisms. A réduction map is a 
quotient of X by ail subvarieties V for which -L|y is "trivial" in some sensé. 
One hopes that L is then "trivial" along the fibers of the resulting map, so 
that we have constructed a universal quotient with respect to this pr operty. 
The first numerical réduction maps were developed by jBCE+02| which 



worked with nef divisors. [BDPP04| and |Eck05] considered how to gener- 
alize their work to arbitrary pseudo-effective divisors. However, there are 
some subtle issues in their arguments. We extend and correct their ideas 
(using différent techniques) to define two maps: the L-trivial réduction map 
and the pseudo-effective réduction map of |Eck05j . 

1.1. L-trivial réduction map. The L-trivial réduction map is constructed 
by taking a quotient of X by subvarieties V satisfying L|v = 0. As suggested 
by [BDPP04] . its key property is that for a gênerai fiber F the numerical 
dimension of L\f vanishes. Recall that the numerical dimension ï^(L) is a 
numerical measure of the positivity of L (see Définition 12.16p . 

Theorem 1.1. Let X be a normal projective variety and let L be a pseudo- 
effective divisor on X. There is a birational model (f) : Y ^ X and a 
surjective morphism n : Y ^ Z with connected fibers satisfying 

(1) For any curve C on Y passing through a very gênerai point with 
dim(7r(C)) > we have (j)*L-C > 0. 
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(2) For a gênerai fiber F of ir we have L'{(f)*L\p) = 0. 

(3) The pair {Y,it) is the minimal quotient satisfying (1): if (f) : Y ^ X 
is a birational map and tt : Y ^ Z is a surjective morphism with 
connected fibers satisfying (1), then there is a dominant rational map 
^ : Z ---^ Z such that vf is birationally équivalent to ip o tï. 

The pair {Y, ir) is determined up to birational équivalence and only dépends 
on the numerical class of L. The induced map n o : X — Z is called 
the L-trivial réduction map. 

Remark 1.2. Early versions of [BDPP04] stated an incorrect variant of 
Theorem ll.il As demonstrated by |BDPP04] Example 8.9, it is not possible 
to ensure that tï o (j) : X --■>■ Z is almost proper. 

An important subtlety is that the proper quotient of [CamSl] is not the 
right choice for constructing the map. [BDPP04] Example 8.9 shows that 
the proper quotient of X by subvarieties V satisfying L|y = may not reflect 
the birational invariants of L. Instead, one must take a generic quotient in 
the sensé of Section [3l 

1.2. Pseudo-effective réduction map. The pseudo-effective réduction 
map is more natural from the viewpoint of birational geometry. It satis- 
fies a slightly weaker form of triviality along the gênerai fiber, but it is the 
maximal quotient with this property. The pseudo-effective réduction map 
was first constructed in ^Eck05 ] using analytic techniques; we will give an 
algebraic formulation clarifying some of the subtleties in the arguments of 
|Eck05) . 

Recall that for a pseudo-effective divisor L, the positive part P(t{L) is 
defined by subtracting the "fixed part" of L supported on the restricted 
base locus of L. 

Theorem 1.3 (cf. [EckOSj . Proposition 4.2). Let X be a normal projective 
variety and let L be a pseudo-effective M-divisor on X . There is a birational 
model (/) : Y ^ X and a surjective morphism vr : y — )■ Z with connected 
fibers satisfying 

(1) For a gênerai fiber F of n we have Pa{<l)*L)\F = 0. 

(2) The pair {Y,Tr) is the maximal quotient satisfying (1): if (f)' '.Y'^X 
is a birational map and tt' : Y' ^ Z' is a surjective morphism with 
connected fibers satisfying (1), then there is a dominant rational map 
ip : Z' ---^ Z such that vr is birationally équivalent to ip o tt' . 

The pair (Y, vr) is determined up to birational équivalence and dépends only 
on the numerical class of L. The induced map vr o : X --->■ Z is called 
the pseudo-effective réduction map associated to L. 

The pseudo-effective réduction map satisfies the foUowing properties. 
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• If k{L) > then the litaka fibration for L factors birationally through 
the pseudo-effective réduction map. Thus, the pseudo-effective ré- 
duction map identifies a "numerical pièce" of the litaka fibration 
that is easier to understand. 

• The pseudo-effective réduction map is compatible with birational 
transformations and the divisorial Zariski décomposition. 

• If k{L) > 0, there is a morphism g : W ^ T birationahy équivalent 
to the pseudo-effective réduction map and a divisor D on T that 
captures ail the interesting geometry of L. In particular there is 
some integer m so that there is a natural identification of section 
rings R{T,mD) = R{X,mL). 

As with other réduction maps, the pseudo-effective réduction map has a 
nice description in terms of the curves that it contracts. Given a subvariety 
V of X, one can define a restricted numerical dimension measuring 
the positivity of L along V. 

Theorem 1.4. Let X be a normal projective variety and let L be a pseudo- 
effective M.-divisor on X. The pseudo-effective réduction map for L is the 
generic quotient of X by ail curves C satisfying vx\c{^) — 0- 

Remark 1.5. Many steps in the construction of thèse numerical réduction 
maps work in arbitrary characteristic. The main obstacle to working over 
uncountable fields of characteristic p is that the numerical dimension has 
not been studied in this context. 

1.3. Abundant divisors. The pseudo-effective réduction map is most use- 
ful for studying divisors whose numerical properties closely reflect the as- 
ymptotic behavior of sections. 

Définition 1.6. Let X be a normal variety and let L be a pseudo-effective 
divisor. We say that L is abundant if n{L) = i'{L). 

Using the pseudo-effective réduction map we will show that abundance 
is équivalent to several other géométrie notions. In particular we generalize 
the well-known resuit for nef divisors in jKaw85) . 

Theorem 1.7. Let X be a normal variety and let L be a pseudo-effective 
divisor. The foHowing are équivalent: 

(1) L is abundant. 

(2) There is a birational map fj, : W ^ X and a morphism g : W ^ T 
such that Pa{jj*L) ~q P(j{g*B) for some big divisor B on T. 

Using this criterion, we will show that the numerical invariants of an 
abundant divisor L are closely related to the asymptotic behavior of the 
spaces H^{X,Ox{'>TiL)) as m increases. Furthermore, abundant divisors 
satisfy vanishing theorems similar to those for big divisors. 

I would like to thank my advisor J. M'^Kernan for his advice and support 
and Y. Gongyo for some helpful conversations. 
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2. Background 

Ail schemes will be of finite type and lie over the base field C. A variety 
dénotes an irreducible reduced scheme. Ail varieties are assumed to be 
normal and projective unless otherwise qualified. 

2.1. Définitions. The term "divisor" will always refer to an M-Cartier M- 
Weil divisor. We use the notations ~, ~q, '^k, and = to dénote respectively 
linear équivalence, Q-linear équivalence, R-linear équivalence, and numerical 
équivalence of M-divisors. The M-stable base locus of a divisor L is the 
Zariski-closed set 

Bm(L) := p|{ Supp(C) I C > and C ~m L}. 

By convention when L is not M-linearly équivalent to an effective divisor we 
set B]r(L) = X. Since we will be interested in perturbations by an ample 
divisor A, we will usually work with a perturbed variation of the M-stable 
base locus: 

Définition 2.1. Let X be a normal variety and let L be a pseudo-effective 
divisor. The restricted base locus is defined to be 

B_(L):= y Bu{L + A). 

A ample 

It is shown in |Nak04| that the restricted base locus is a countable union 
of Zariski-closed subsets of X that only dépends on the numerical class of 
L. 

We will often construct maps that are only unique up to birational mod- 
ifications, which we codify using the following terminology. 

Définition 2.2. Suppose that vr : X --■> Z and vr' : X' Z' are two 

dominant rational maps of varieties. We say that vr and vr' are hirationally 
équivalent if there are birational maps (p : X --"^ X' and /x : Z ---> Z' such 
that /i o TT = tt' o </) on an open subset of X. 

Suppose that / : X Z and g : X --"^ Z' are two dominant rational 
maps. We say that / factors hirationally through g if there is a dominant 
rational map ip : Z' Z such that f = ip o g. 

It will frequently be useful to find a particularly nice représentative of a 
birational équivalence class of maps. One option is presented by the follow- 
ing spécial case of Raynaud's flattening theorem. 

Theorem 2.3 ( |Ray72| , Ch. 4 Theorem 1). Let f : X ^ Z be a surjective 
morphism of normal varieties. There is a normal variety T and a birational 
morphism : T ^ Z satisfying the following: let W dénote the unique 
(not necessarily normal) component of X XzT that dominâtes T under the 
projection map. Then the induced morphism g -.W ^ T is flat. Furthermore 
we may ensure that ip is an isomorphism on the locus where f is flat. 
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We will always apply this theorem in conjunction with a normalization 
V : — >■ VF to remain in the category of normal varieties. 

Curves will play an essential rôle in the construction of the pseudo- 
effective réduction map. Since we are primarily interested in what happens 
near a gênerai point, we will need the following notion. 

Définition 2.4. Let X be a variety and let C be an irreducible reduced 
curve on X. We say that C is movable if it is a member of a family of curves 
dominating X. 

Let NE^{X) C N^{X) dénote the closure of the cone generated by classes 
of effective divisors and NMi{X) C Ni{X) dénote the closure of the cone 
generated by classes of movable curves. The following theorem of jBDPPOi] 
indicates the fundamental rôle that movable curves play in birational geom- 
etry. 

Theorem 2.5 ( |BDPPÔ4] . Theorem 1.5). Let X be a normal projective 
variety. Then NMi{X) and NE (X) are dual cônes. 

Although the proof in |BDPP04] assumes that X is smooth, the theorem 
still holds true in this generality; see |Laz04] Theorem 11.4.19. 

Définition 2.6. Let f : X ^ Z he a morphism of normal varieties. A curve 
C on X is said to be f -vertical if f*H -0 = for some ample divisor H on 
Z. 

|Pet08j proves a relative version of Theorem 12.51 

Theorem 2.7 ( |Pet08j . 6.8 Theorem). Let X be a smooth variety and let 
f : X Z be a morphism to a normal variety Z. Let NMi{X/Z) dénote the 
closed subcone of NMi{X) consisting of curve classes a such that f*H-a = 
for an ample divisor H on Z . Then 

(1) If L is a pseudo-effective divisor on X , then the restriction L\f is 
pseudo-effective for a gênerai fiber F of f . 

(2) For a gênerai fiber F of f, the injection i : F ^ X induces a surjec- 
tive map i^ : ]VMi(F) ]VMi(X/Z). 

In particular, NAIi{X/Z) is the closure of the cone generated by f -vertical 
movable curves. 

2.2. Divisorial Zariski Décompositions. For a pseudo-effective divisor 
L on a surface there is a classical décomposition of L into a "positive part" 
and a "négative part" due to Zariski and Fujita. In this section we review 
a gêner alization to higher dimensions developed by Nakayama ( |Nak04] ) in 
the algebraic setting and by Boucksom ( |Bou04j ) analytically. 

Définition 2.8. Let X be a normal variety. Suppose that L is a divisor 
with k{L) > and v is a discrète valuation on X. We define the asymptotic 
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order of vanishing of L along v as follows: 

^(||L||)= inf -v{D). 
mgZ>o m 
D&\mL\ 

The following description of asymptotic valutions of big divisors was 
proved in the generality stated here by [ELM"'"05] . 

Theorem 2.9 ( [ELM"'"05j . Theorem A). Let X be a normal variety. If L 
is big, then v{\\L\\) only dépends on the numerical class of L. Furthermore, 
the function v{\\ — ||) is continuons on the big cone. 

The behavior of asymptotic valuations along the pseudo-effective bound- 
ary may be very comphcated. We can define a better-behaved invariant by 
taking a Hmit over nearby big divisors. 

Définition 2.10. Let X be a smooth variety and let L be a pseudo-effective 
divisor on X. Fix an ample divisor A on X. For any valuation v, we define 

a^iL)=limv{\\L + eA\\). 

|Nak04j vérifies that this définition is independent of A. For big divisors o"„ 
simply recovers v by continuity, so is a lower semi-continuous extension 
of V to the entire pseudo-effective cone. 

We now restrict our attention to valuations vr that measure the order of 
vanishing along a prime divisor F on X. The key fact about the correspond- 
ing function or is the following theorem. 

Theorem 2.11 ( |Nak04j .Corollarv III.l.ll). Let X be a smooth variety. For 
any pseudo-effective divisor L there are only finitely many prime divisors F 
with ar{L) > 0. 

Définition 2.12. Let X be a smooth variety and L be a pseudo-effective 
divisor. We define M-divisors 

N^{L) = Y, ML)r Pa{L) = L- N„{L) 

The décomposition L = N„{L) + Pa{L) is called the divisorial Zariski de- 
composition of L. 

The following proposition records the basic properties of the divisorial 
Zariski décomposition. 

Proposition 2.13 ( [Nak04| . Lemma IIL1.4 and Theorem V.1.3). Let X be 

a smooth variety and let L be a pseudo-effective divisor. 

(1) Nu{L) dépends only on the numerical class of L. 

(2) Supp(A^o-(L)) coincides with the divisorial components ofB^{L). 

(3) H°{X,Ox{[mP„{L)\)) H°{X,Ox{ [mL\)) is an isomorphism for 
every m > 0. 
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2.3. Numerical Dimension. The numerical dimension i^{L) is a numerical 
measure of tiie positivity of L introduced by [Nalc04] and |BDPP04] . We 
will use tiie définition from [Nak04j . 

Définition 2.14. Let X he a smooth variety, L a pseudo-efFective divisor, 
and W any reduced closed subset of X. Let cp : Y ^ X he any smooth 
resolution of Iw, and define the divisor E by setting Ox{—E) = (f)~^XwOY ■ 
We say that L numerically dominâtes W , and write L W, iî there exists 
e > such that (j)*L—eE is pseudo-effective. Note that numerical domination 
is independent of the choice of resolution since the pseudo-effectiveness of a 
divisor is preserved by pull-backs. 

Remark 2.15. It is sometimes useful to have a slightly différent formula- 
tion. [LehlO] Remark 5.2 checks that (^*L — eE is not pseudo-effective for 
any e > iff there is some ample divisor A such that x(p*L — E + A is not 
pseudo-effective for any x G M. 

Définition 2.16. Let X be a smooth variety and let L be a pseudo-effective 
divisor. We define the numerical dimension as follows. If L is big, by 
convention we set l'iL) = dim(X). Otherwise we define 

iy{L) = min{dim(H^)|L ^ W} 

where W varies over ail reduced closed subsets of X. 

If X is normal, we define by first pulling L back to any smooth 

model of X. Theorem 12.171 shows that this définition is independent of the 
choice of model. 

It is shown in [LehlOj that Définition 12.161 is équivalent to the other défi- 
nitions of the numerical dimension found in |Nak04j and [BDPP04 ]. 

Theorem 2.17 (|Nak04j, Proposition V.2.22 and [LehlOj . Theorem 6.2). Let 
X be a smooth variety and let L be a pseudo-effective divisor. 

(1) i^{L) only dépends on the numerical class of L. 

(2) < < dim(X) and k{L) < u{L). 

(3) v{L) = dim(X) iff L is big and u{L) = iff P^{L) = 0. 

(4) v{L) = u{P„{L)). 

(5) If (j) : Y ^ X is a birational morphism from a smooth variety Y then 
u{(j)*L) = u{L). 

(6) Suppose that f : X Z has connected fibers and F is a very gênerai 
fiber off. Then v{L) < u{L\f) + dim{Z). 

The restricted numerical dimension l'xivi^) a similar notion that mea- 
sures the positivity of L along a subvariety V of X. It will be most convenient 
to use a formulation that has a very différent feel from Définition 12.161 

Définition 2.18. Let X be a normal variety, L a pseudo-effective divisor, 
and V a subvariety of X such that V Çl B_(L) U Supp(L) U Sing(X). We 
define 

jyx\v{L) = max{dimT^|infvol(P^(0*L)b) > 0} 
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where W varies over ail very gênerai intersections of V with very ample 
divisors, (f) varies over ail birational maps such that no (/)-exceptional center 
contains W, and W dénotes the strict transform of W. 

Although the restricted numerical dimension is defined by considering ail 
birational models, often it sufïices to consider just one fixed séquence of 
models. 

Proposition 2.19 ( |LehlO| . Proposition 7.9). Let X be a smooth variety 
and let L be a pseudo-effective divisor. There is a séquence of birational 
maps (pm '■ — >■ X such that the foUowing holds. Suppose that V is any 
subvariety not contained in B_(L) U Supp(L). Then 

^x\v{L) = max{dimVF|limvol,;^^(P<^(0;;,L)|,;^^^) > 0} 

where W varies over ail very gênerai intersections of V with very ample 
divisors. 

The basic properties of i'x\v{L) ^i'^ recorded in the following theorem. 

Theorem 2.20 ( |LehlO| . Theorem 7.4). Let X be a normal variety, L 
a pseudo-effective divisor, and V a subvariety not contained in B_(L) U 
Supp(L)uSing(X). 

(1) Ux\v{L) only dépends on the numerical class of L. 

(2) vx\v{L) < v{L) and vx\v{L) < z^(L|y). 

(3) i.x\v{L) = iyx\v{PAL))- 

(4) If (j) : Y ^ X is a birational morphism from a smooth variety 
Y such that V is not contained in any (p-exceptional center then 
z^y|y/((/)*L) = i>x\v{^) where V is the strict transform ofV. 

Finally, we will need a criterion for the vanishing of ^{L)- 

Lemma 2.21 ( |LehlOj . Proposition 7.6). Let X be a smooth variety and let 
L be a pseudo-effective M-divisor on X. Then ^{L) > 1 iff there is a curve 
C that is a very gênerai complète intersection of very ample divisors such 
that uxiciL) = 1. 

3. Generic Quotients 

Let X be a normal variety. Suppose that we are given a family of sub- 
schemes of X, that is, a family of schemes s : U ^ V with a morphism 
w : U ^ X realizing the fibers of s as subschemes of X. In gênerai it is not 
possible to construct a morphism n : X Z that contracts ail the members 
of the family. However, as was first demonstrated in [CamSl] . under some 
mild constraints we can define such a quotient on an open subset of X. In 
this section we review how the quotient theory can be used to construct a 
"generic quotient" by a family of subschemes. 

Suppose that we have a finite collection of tuples {{Ui,Vi, Si,Wi)} where 
Si : Ui ^ Vi is a family of quasi-projective schemes and wi : Ui ^ X 
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is a morphism. Given such data, [ Kol96] defines a constructible subset 
{Ui, . . . , f/fc)~ C X X X such that two points xi,X2 can be connected by a 
séquence of members of our families ifF {xi,X2) G {Ui, . . . , Uk)^ . We would 
like to quotient X by this relation. There are two versions of the quotient: 
one for open families and one for proper families. 

Theorem 3.1 ( |Kol96j .11^.4. 13 and IV. 4. 16). Let X be a normal variety. 
Suppose that {{Ui, Vi, Si,Wi)} is afinite collection of families of quasi-projective 
subschemes on X such that either 

• each Wi is open and each Si is flat with irreducible fibers, or 

• each Wi is proper and each Si is proper with connected fibers. 
Then there is an open subvariety X^ C X, a quasi-projective variety , 
and a morphism vr : X^ — > with connected fibers such that 

(1) {Ui, . . . , Um)^ restricts to an équivalence relation on X^. 

(2) For every z € Z^ the closure of 'ir~^{z) in X coincides with the 
closure of a suitable {Ui, . . . , Um)^ -équivalence class. 

Furthermore, in the proper case tt is a proper map, so that by condition (2) 
each fiber of vr coincides with an équivalence class. 

Although the proper version of the quotient map is more commonly used, 
the open version is better suited to isolate the generic behavior of the fam- 
ilies. Thus, we will define a generic quotient using the open version of the 
quotient. This viewpoint is similar to the notion of "maximal foliations" in 
|Eck05] . 

We will only construct the generic quotient of families {{Ui,Vi, Si,Wi)} 
for which the Wi : Ui ^ X are proper and surjective and the Ui are ir- 
reducible. Thèse assumptions mean that the generic quotient accurately 
reflects the geometry of our families. (In view of our intended application, 
thèse requirements are also justified by Example 14.91 ) 

Construction 3.2. Let X be a normal variety and let {(C/j, T^, Sj, liJj)} be 
a finite collection of surjective proper families of subschemes such that Ui 
is irreducible. Let U be the largest open subset of X such that each Wi is 
flat over U and let be the largest open subset of Vi so that Si is flat 
with irreducible fibers over V^. We then define Uf = wl'^{U) n sT^{V^). 
Since flat maps are open, we can apply Theorem 13. ll to the families of quasi- 
projective schemes {{Uf ,Si\Tio,Wi\r[o)}. We call the resulting quotient 

i i 

vr : X Z the generic quotient of X by the families Ui. 

Remark 3.3. We can define the generic quotient of an infinité set of families 
using the following well-known argument. Suppose we are given an infinité 
set {{Ua.,Va, Sa.,Wa)}a&A of propcr surjective families of subschemes such 
that Ua is irreducible. For a given finite subset I C ^, we let vr/ : X --^ Z/ 
dénote the generic quotient defined by the corresponding Ui. We then define 
the generic quotient of the Ua to be any quotient vr/ such that Zj has the 
smallest possible dimension. It is easy to check that the resulting map is 
unique up to birational équivalence. 
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For the remainder of the section we will study the birational properties of 
the generic quotient. We begin by defining the notion of a strict transform 
family. Let {U, V, s, w) be a proper family of subschemes of X. Suppose 
that (p : Y ^ X is a birational morphism such that w{U) is not contained 
in the center of any ç!)-exceptional divisor. Let U' be the normahzation of 
the unique component of U Xx Y that dominâtes w{U). We have a natural 
map s' = s o f : U' ^ V and a projection w' : U' ^ Y . We define the strict 
transform family to be ([/', V, s', w'). 

Proposition 3.4. Let X be a normal variety and let {{Ui,Vi, Si,Wi)} be a 
finite collection of surjective proper families of subschemes such that Ui is 
irreducible. Let ip : X' X be a birational map such that w[ : U[ — > X' is 
flatfor each strict transform family (U-, Vi, s[,w^). Then the generic quotient 
of X by the Ui is birationally équivalent to the proper quotient of X' by the 
Ui 

Note that the map ip in the statement is guaranteed to exist by Theorem 

Proof. As before we let U be the largest open région of X such that each Wi 
is flat over U and define Uf as in Construction 13.21 

We start by proving this in a spécial case: we construct a birational map 
4> : X' ^ X hy flattening each Wi in turn using Theorem 12. 3[ Since flatness 
is invariant under pull-back, every strict transform family w[ : U[ — > X' is 
flat. Note that c/»"^ : X X' is an isomorphism on U . Thus we may 
interpret the families Uf as lying on X' and the open quotient of X' by the 
Uf is the same as the generic quotient. 

Let vr : X' --■> Z dénote the open quotient of X' by the Uf and let 
r : X' — T dénote the proper quotient of X' by the U[. Since Uf C U[, the 
universal property of the quotient shows that r factors birationally through 
vr. Conversely, since w'^ is flat, we have 

for any subset S d X. Letting 5 be a (C/q , . . . , f7^)-equivalence class, we see 
that if a fiber F oi s[: U[ — > Vi has that w[{F) intersects S then F intersects 
w'~^{S). But this latter set is a union of fibers of s-, showing that w[{F) 
is contained in S. Thus vr factors birationally through r, showing they are 
birationally équivalent. 

Finally, we prove the theorem in gênerai. Suppose that ip : X' ^ X \s & 
birational map as in the statement and ^ : X ^ X' \s any higher birational 
model. Since w[ is flat, the induced map U'^ x x' X ^ X is flat (and hence 
open) on each irreducible component. However, only one component of 
U[ xx' X dominâtes X. Thus, the strict transform family Ui on X is equal 
to U[ Xx' X. As a conséquence, the proper quotient of U^ on X' is the 
same as the proper quotient of U on X. In particular, by passing to higher 
models we see that any two choices of V' yield the same réduction map. □ 
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An immédiate corollary is that the generic quotient is invariant under 
passing to strict transform families. Of course, this resuit does not dépend 
on the finiteness of the collection of families. 

Corollary 3.5. Let X be a normal variety and let {(C/j, 1^, Sj, u^i)} be a 
collection of surjective proper families of subschemes such that Ui is irre- 
ducihle. Suppose that (p : Y ^ X is a birational map and dénote the strict 
transform families by {U-, Vi, s^,w^). The generic quotient of the Ui on X is 
birationally équivalent to the generic quotient of the U- on Y . 

Another conséquence is that the generic quotient is the "minimal" possible 
proper quotient over ail strict transform families. 

Proposition 3.6. Let X be a normal variety and let {{Ui,Vi, Si,Wi)} be 
a collection of surjective proper families of subschemes such that Ui is ir- 
reducible. Let tt : X --^y Z dénote the generic quotient. Suppose that 
<j) : Y ^ X is any birational map and let n' : Y Z' be the proper quo- 
tient of Y by the strict transform families U[. Then tt' factors birationally 
through vr. 

Proof. Let ip : X' ^ Y he a birational map that simulateously flattens the 
strict transform maps w' : U[ ^Y . Note that vr' is birationally équivalent 
to the proper quotient associated to the families (C// Xy X' , Fj, s[ opi^i,P2,i) 
on X' . U- xyX' has one component representing the strict transform family 
but may have additional components. Thus the proper quotient of X' by the 
entire families U^ xy X' quotients at least as much as the generic quotient. 

□ 

4. L-TRiviAL Réduction Map 

Suppose that L is a pseudo-effective divisor on X. By analogy with the 
nef réduction map, one could define a réduction map for L by taking the 
proper quotient of X by ail families of movable curves C with L ■ C = 0. 
However, as demonstrated in |BDPP04] . the resulting quotient does not 
have good properties. A better approach is to take the generic quotient of 
X by ail families of movable curves satisfying L ■ C = 0. This is of course 
équivalent to taking the generic quotient of X by ail dominant families of 
subvarieties V such that L\v = for a gênerai member V. We will show 
that this generic quotient yields a geometrically interesting réduction map. 

We start with an example from |BDPP04] showing that the proper quo- 
tient of X by movable curves C with L ■ C = does not yield a suitable 
réduction map. 

Example 4.1. ( [BDPPÔ4] . Example 8.9) In this example we construct a 
smooth threefold X, a divisor L on X with k{L) = 1, and a family of 
movable curves C such that L ■ C = and the proper quotient of X by the 
family maps to a point. Since k{L) = 1, this quotient ignores interesting 
géométrie information about L. Thus this example shows how the proper 
quotient can "contract too much." 
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Let X' be the smooth projective bundle 

p:¥{0®0®0{-l)) 

Let T' dénote the section P(0(— 1)) of p. Because T' bas normal bundle 
Nj^ix' = 0{-l) e 0{-l), we can construct the flop : X' X of T' . 
We define the divisor L on X to be the strict transform of a fiber F on X' . 
Note that k,{L) = 1. The pair (X, L) will provide our example. 

Choose any line C in F that avoids T' and let C dénote the strict trans- 
form of this line. Since (j) is an isomorphism on a neighborhood of C", we 
have L ■ C = F ■ C = 0. We claim that déformations of C define a Con- 
necting family of curves on X. Any two points in a strict transform of a 
flber of p can be connected by déformations of C. Furthermore, when we 
deform C so that it intersects the flipped curve T, then C breaks up into 
two components, one of which is T itself. So, we can traverse between the 
strict transforms of two différent fibers of p via the flipped curve T, showing 
that any point can be connected to any other by déformations of our family. 
Thus, the proper quotient by this family of curves contracts X to a point. 

4.1. Relative Triviality and the Numerical Dimension. In order to 
prove Theorem ll.il we will need to further develop the theory of the numer- 
ical dimension. The précise resuit we will need is: 

Theorem 4.2. Let X be a smooth variety and let L be a pseudo-effective 
divisor on X. Suppose that f : X ^ Z is a surjective morphism with 
connected fibers such that 

(1) L\f = for a gênerai fiber F. 

(2) There is a subvariety T C L dominating Z and not contained in 
B_(L) U Supp(L) such that vx\t[L) = 0. 

Then v{L) = 0. 

This resuit will be used in a similar way as Proposition 2.5 of [BCE+n2] 
in the construction of the nef réduction map. 

We first study the properties of morphisms such that L is numerically 
trivial along the gênerai flber. We will prove several lemmas that build 
toward Corollary l4.51 This corollary is a numerical version of |Nak04] III. 5. 2, 
and we will closely follow his method of proof. 

Lemma 4.3. Let f : S ^ C be a morphism with connected fibers from a 
smooth surface S to a smooth curve C . Let L be a pseudo-effective divisor 
on S such that L ■ F = for a gênerai fiber F of f . 

(1) If L ■ D = for every f -vertical curve D, then L is nef. 

(2) If L-D ^ for some f -vertical curve D contained in a fiber Fq, then 
there is an f -vertical curve G contained in Fq satisfying L ■ G < 0. 

Proof. Let L = P-\-N he the Zariski décomposition of L. Since P is nef and 
P ■ F = 0, P has vanishing intersection with every /-vertical curve. Note 
that N is an (effective) /-vertical curve since N ■ F = L ■ F = 0. 
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We first show (2). By assumption N must have some components con- 
tained in Fq. Recall that the self- intersection matrix of the components 
of is negative-definite. In fact, since /-vertical curves in différent libers 
do not intersect, the same is true just for the components contained in Fq. 
Thus, there is an effective curve G supported on Supp(A^) n Supp(Fo) with 
N ■ G < 0. The same argument shows that in (1) we must have = so 
that L is nef. □ 

Lemma 4.4 (cf. |Nak04] III. 5. 2). Let f : X ^ Z be a morphism from a 
smooth variety X to a smooth variety Z with connected fibers. Let L be a 
pseudo-effective divisor such that L\p = for a gênerai fiber F of f . Suppose 
that Q is a divisor on Z such that the restriction of L to the fiber over a 
gênerai point of Q is not numerically trivial. Then there is some prime 
divisor T with f(T) = Q such that L|r is not pseudo-effective. 

Proof. Take an intersection of gênerai very ample divisors on Z to obtain a 
curve C such that L is not numerically trivial along some fibers over C H 0. 
Intersect gênerai very ample divisors on X with f~^{C) to obtain a surface 
S with a map f : S ^ C. Note that S and C are smooth. Applying Lemma 
14.31 to L\s^ we find that there is some /-vertical curve D above C H such 
that L ■ D < 0. Since S and C are sufficiently gênerai, such curves must 
cover a codimension 1 subset above G, proving the theorem. □ 

CoroUary 4.5. Let f : X ^ Z be a morphism from a smooth variety X 
to a smooth variety Z with connected fibers. Suppose that L is a pseudo- 
effective divisor such that L\f = for a gênerai fiber F of f . Then there 
is a subset U C Z whose complément is a countable union of subvarieties 
of codimension 2 such that Pa{L) is numerically trivial along the fiber over 
any point in U. 

Proof. Fix an ample divisor H on Z. There is a countable union of closed 
subvarieties S C Z such that any curve C on X satisfying f*H ■ C = and 
Pa{L) - G < has f{G) C S. Since Pa{L)\r is pseudo-effective for any prime 
divisor F on X, Lemma [4.41 implies that no component of S has codimension 
L □ 

We now have the tools to prove Theorem 14. 2[ 

Proof of Theorem \4.^ ' To show that l'^L) = 0, by Lemma 12.211 it suffices 
to show that a curve G which is a very gênerai intersection of very ample 
divisors satisfies i^x\ci^) = 0- 

Let f':X'^ Z' be a fiattening of / (with Z' smooth) and let : VF ^ X 
be a smooth model lying above X'. We let g dénote the map W — )■ Z'. Note 
that no 0-exceptional center dominâtes Z under /. Since T dominâtes Z, 
it makes sensé to talk of the strict transform Tw of T. By Theorem 12.201 
we still have i^vF|Ttv(0*-^) = 0. By choosing G sufficiently gênerai, we may 
assume that it lies in the locus where is an isomorphism. We will write 
Gw for the strict transform of C on W. 
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Choose an infinité séquence of birational maps tpm ■ Wm — > W Comput- 
ing the numerical dimension as in Proposition 12.191 and let (pm dénote the 
map from Wm to X. For each Wm, there is a subset Vm C Z' that is 
a countable union of closed subsets of codimension 2 such that Prj{4)*^L) 
is numerically trivial when restricted to any fiber of 5 o (p^ not over Vm- 
Note that 4>{9~^^m) is a countable union of codimension 2 subsets in X. 
By choosing C very gênerai, we may assume that g{Cw) is disjoint from 
Um^- We may furthermore assume that C avoids B_(P(j(-^^)) so that no 
0m-exceptional diviser intersects C. 

Define a surface S by taking an intersection of gênerai very ample divisors 
containing Cw with g~^g{Cw)- Our goal is to show that UyY\g{(l)*L) = 0, 
which immediately implies 

^x\c{L) = vw\Cw^(l^*L) = 0- 

It suffices to show that i^^|^((/)*L) = where A is a very gênerai ample 
divisor on S. In particular, we may assume that the strict transform of A 
coïncides with the pull-back for each of the maps Computing the restricted 
positive product. 

We let Sm dénote the strict transform of 5 over Vm and for clarity let 
= V'mis'm- By Proposition 12.191 it suffices to show that 

hminf /i^, • A = liminf (P^(Ci)|5^) • /^^^ = 0. 

m— ^-oo m— >oo 

By construction Pa{(j)*^L)\s^ is numerically trivial when restricted to any 
fiber of 5 o /x-m- This implies that P(j{(f)*^L)\s^ is nef by Corollary 14.31 
Furthermore, since every //m-exceptional divisor is g o /i^ vertical we have 

P<T{4>*mL)\s,n = f^*mf^m*Pa{4>niL)\s,r. 

and the pushforward fim*Pa{4'm^)\Sm is also nef. 

Let Ts dénote the intersection Tw n S. Since T\y ^ B_(L), by making 
an appropriate choice of C we may assume that Ts := Tw Ci S <^ B_(0*L). 
Then z/i4/|2-g(0*L) vanishes since it is no greater than z^ty|'jn^((/)*L)) = 0. Let 
Ts,m dénote the strict transform of Tg under fim- Since every /im-exceptional 
curve is g o /^m-vertical, 

liniinf {P„{<j)*^L)\sJ ■ lJ*m{Ts) = liminf (P<x(C-^^)ls™) • Ts^m 

m— >oo m— >oo 

= 0. 

In particular, the limit of the /im* {P(T{'Pm^)\Sm) is a nef class t hat has van- 
ishing intersection with F and the multisection Ts- [BCE"'"02] Proposition 
2.5 then shows that this limit is numerically équivalent to 0. Thus, it has 
vanishing intersection with A, finishing the proof. □ 

4.2. Définition and Properties. The main step in the proof of Theorem 
11.11 is to show that v[L\f) = for a gênerai fiber F. We will prove this 
by carefully examining the connection properties of generic quotients and 
applying Theorem 14.21 inductively. 



ON ECKL'S PSEUDO-EFFECTIVE REDUCTION MAP 



15 



Définition 4.6. Let (U, V, s, w) be a proper family of subschemes of X. 
Suppose that T C X is a closed subset. We define the tw-closure of T, 
denoted T'^ , to be the closed subset Wi{s~^ Si{w^^T)) . In other words, the 
if-closure of T consists of ah the points of X that can be connected to T via 
a subscheme in our family by one step. 

Lemma 4.7. Let X be a smooth variety and let L be a pseudo-effective 
divisor. Suppose that that {U, V,s,w) is a proper surjective family of curves 
such that U is irreducible, w : U X is flat, and L ■ C = for a gênerai 
member of our family. Suppose that T C X is a subvariety containing a 
point X such that 

(1) X does not lie in B_(L), and 

(2) every component of w~^{x) intersects an irreducible fiber of s. 
If v{L\'j') = 0, then z^(L|t.) = for any component Tj ofT'^^. 

Proof. Since w is flat, every component of w~'^{T) intersects w~^{x). In 
particular, every component intersects the locus of irreducible libers of s 
and is not contained in u)~^B_(L). In particular Ti ^ B_(L), so is 
pseudo-effective and we may analyze its numerical dimension. 

Fix a component T' of w~^{T) such that s~^s{T') dominâtes Tj. Consider 
the subvarieties Z = siT') and Y = s~^s{T'). By blowing up we may 
suppose that T', Z, and Y are ail smooth. Since the map w\t' is surjective 
by flatness of w, we have i'{w*L\'j") = 0. In particular i/y|'j^/(tt;*L|y) = 0. 
Furthermore, since by assumption T' hits the locus of irreducible libers of 
s, we know that w*L is numerically trivial along the gênerai fiber of s. 
Applying Proposition 14.21 we see that i>{w*L\y) = 0, and thus i^{L\tJ = 
0. □ 

Proposition 4.8. Let X be a normal variety and let L be a pseudo-effective 
divisor such that the generic quotient of X by ail movable curves C satisfying 
L ■ C = takes X to a point. Then ^{L) = 0. 

Proof. Let (C/j, Vi, Si, Wi) dénote the proper surjective familles of curves that 
define the generic quotient. After blowing-up, we may assume that X is 
smooth and that every Wi is flat so that the proper quotient by the Ui takes 
X to a point. 

Fix a very gênerai point x Çi X. There is a séquence of subvarieties Ti d X 
such that Tq = x, = X, and T,_|_i is a component of T^^ for some j such 
that Tj+i contains x. Applying the previous lemma inductively finishes the 
proof. □ 

Proof of Theorem \l.l\ To construct the L-trivial réduction map, take the 
generic quotient (in the sensé of Remark 13. 3p associated to ail familles of 
movable curves C with L ■ C = and choose a resolution ir : Y ^ Z with 
Y smooth. Clearly this map has Property (1). Property (3) follows from 
Proposition l3.6l which says that the generic quotient is the minimal quotient 
as we look over ail strict transform familles. 
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Let F he a gênerai fiber of vr so that F is smooth and (f)*L\F is pseudo- 
effective by Theorem 12.71 Note that the families of curves U- xy F are flat 
over F and that the proper quotient by thèse famihes contracts F to a point. 
By Proposition 1121 we conclude that u{(p*L\p) = 0, giving Property (2). □ 

Example 4.9. Example 14. ll gives a good illustration of the L-trivial réduc- 
tion map. We will keep the notation established there. Recall that we have 
a Connecting family of movable curves C such that L-C = 0. To improve the 
situation, we need to pass to a higher model on which the strict transform 
family of C is no longer Connecting. 

Let Y dénote a resolution of the flop, so that we have maps cj) -.Y ^ X and 
<j)' : Y —î' X' corresponding to the blow-up of T and T' respectively. Consider 
the strict transform family of C on y. This strict transform family is no 
longer Connecting; in fact, two points are connected by the strict transform 
family iff they lie in a fiber of the map p o (p' : Y ^ F^. Thus, the generic 
quotient of L by the family defined by C is precisely the litaka fibration for 
L. 

Note one additional feature of this example: it shows that it is necessary to 
work with movable curves in order to construct the L-trivial réduction map. 
If one took the quotient of Y by ail families of curves with (/)*L -0 = 0, one 
would of course recover the quotient to a point. Similarly, we must work with 
irreducible families Ui , since without this condition we could reconstruct the 
quotient to a point by adding another component to our family. 

Proposition 4.10. Let X he normal and L pseudo-effective. Let vr : X 
Z dénote the L-trivial réduction map. 

(1) // k{X,L) > then the litaka fibration for L factors birationally 
through vr. 

(2) If (j) : Y X is a birational map then the (f)* L-trivial réduction map 
is birationally équivalent to vr. 

(3) // L is nef then vr is birationally équivalent to the nef réduction map. 

Proof. Let (j) : Y ^ X he a smooth birational model that résolves the L- 
trivial réduction map. Note that < 0*L|i?) < i'{F,4)*L\p) = for 
a gênerai fiber F of the L-trivial réduction map. Thus the litaka fibration 
factors birationally through vr, showing Property (1). 

Property (2) is a conséquence of the birational invariance of the generic 
quotient as shown in Corollary 13.51 

To show Property (3), recall that the nef réduction map is the proper 
quotient of X by ail curves satisfying L ■ C = 0. Thus, the nef réduction 
map factors birationally through tt. Conversely, recall that L is numerically 
trivial along a gênerai fiber F of the nef réduction map (; [BCE+n2] . Theorem 



2.1). Thus L-C = for a movable curve in a very gênerai fiber, showing that 
the L-trivial réduction map factors birationally through the nef réduction 
map. □ 
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5. Pseudo-effective Réduction Map 

We would like our réduction map to be the maximal quotient such that 
the numerical dimension of L vanishes along a gênerai fiber. It turns out 
that the L-trivial réduction map does not satisfy this property. 

Example 5.1. There is a classical example due to Zariski of a surface S 
carrying an irreducible curve C such that < but C has positive inter- 
section with every other curve on X. In particular the C-trivial réduction 
map is the identity map. However Pa{C) = 0, so that the map from 5" to a 
point still satisfies the condition z^(C|i?) = on the fiber F = S. Thus the 
C-trivial réduction map is not the maximal quotient with this property. 

In order to improve upon the L-trivial réduction map, we will take the 
generic quotient of a différent set of curves. Since we want to focus on 
the vanishing of v, the most natural restriction on our curves is vxici^) — 
0. In this section, we reinterpret the condition ux\c{^) — ^^à. show 
how to construct the pseudo-effective réduction map. This map was first 
constructed in |Eck05j : we hope to clarify some subtleties in the présentation. 
Although our techniques are algebraic, the two approaches are "morally" 
very similar. 

5.1. The Restricted Numerical Dimension for Curves. Recall that 
the restricted numerical dimension can be measured by taking a limit of 
intersections over ail birational models. For movable curves C, it turns out 
that vxici^) can be measured by passing to a sufîiciently high birational 
model. 

Theorem 5.2. Let X be normal and let L be a pseudo-effective divisor. 
Suppose that C is a movable curve very gênerai in its family. The following 
are équivalent: 

(1) ux\c{L) = 0. 

(2) There is a birational map cf) : Y —?■ X such that Pu((f)*L) ■ C' = 
where C dénotes the strict transform of C. 

In some sensé, this statement is dual to the fact that N„{L) has only 
finitely many components. 

Proof of Theorem \5.2[ We start with the implication (2) (1). Note that 
(2) implies that i'Y\c'iP<j{4'* L/)) = 0. (1) follows immediately from Proposi- 
tion 12.201 which shows that the restricted numerical dimension is invariant 
under passing to birational transformations and replacing L by Po-(L). 

Conversely, let w : C ^ X he a surjective generically finite morphism 
where C is a family of curves found by deforming C. Let cp : Y ^ X he a 
smooth birational map flattening w and let w' : C ^ Y dénote the (flat) 
normalized strict transform family. Then w'~^ (B-{Pai<p* L))) is a countable 
union of subvarieties of codimension at least 2. Thus it does not intersect a 
very gênerai curve C in our strict transform family. 
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Since C avoids ^-{Pa{(j)* L)), we know that for any higher birational 
model : y — )• y we have 

PAr^*L) ■ c = PM*L) ■ c 

where C dénotes the strict transform of C. Thus, the infimum of Définition 
12.181 is equal to P(y{(j)*L) ■ C , proving the theorem. □ 

5.2. Définition and Basic Properties. We will define the pseudo-effective 
réduction map for a pseudo-effective divisor L by taking the generic quotient 
with respect to ah famihes of movable curves whose very gênerai member 
satisfies i'x\c{^) = 0- 

Proof of Theorem \1.3[ The pseudo-effective réduction map is the generic 
quotient associated to ail familles of movable curves such that ux\c{L) = 
for a very gênerai member C . 

In order to prove property (1), we will need to compare against the L- 
trivial réduction map. First, identify a finite set of familles of curves {Ci} 
that define the generic quotient. By Theorem 15. 2( for any particular family 
Ci there is a model ijji : Xi ^ X such that Pa{ipiL) • C = for the strict 
transform of a member of Cj. Of course, this is also true for any higher model, 
so repeating the process we find one model tp : X ^ X so that P(j{ip*L) van- 
ishes on every strict transform family. Then the pseudo-effective réduction 
map is birationally équivalent to the PCT('0*^)"trivial réduction map. Ap- 
plying Theorem we find a model cp -.Y ^ X and a morphism tt :Y ^ Z 
such that iy{Pa{(j)*L)\F) = for the gênerai fiber F of vr. Since the restric- 
tion of Pa{4>*L) to a very gênerai fiber is movable, Theorem 12.171 implies 
that P„{(f)* L)\f = on the very gênerai fiber. Thus Pa{(j)*L) has vanishing 
intersection with any vr- vertical movable curve, so Theorem 12.71 shows that 
P(j{(j)*L) has vanishing intersection with any class in the subspace generated 
by N MiiY / Z). Since the inclusion map for a gênerai fiber F takes Ni{F) 
into this subspace (again by Theorem 12.7p . we obtain property (1). 

Suppose that (j)' -.Y' ^ X \s another birational map and vr' : y' ^ Z' is 
another morphism with connected fibers satisfying (1). In particular, 

VY^\c{<P'*L) = uy'\c{PM*L)) = 

for a very gênerai curve C in a very gênerai fiber F' of vr'. Note that 
^x\4>'{c){^) = as well. Since the pseudo-effective réduction map is defined 
by taking the generic quotient by ail such curves, vr factors birationally 
through vr', showing property (2). □ 

For emphasis, we extract a useful fact from the previous argument. 

CoroUary 5.3. Let X he normal and let L he a pseudo-effective divisor. 
There is some birational model (p : Y X such that the pseudo-effective ré- 
duction map for L is birationally équivalent to the P(j{(j)* L) -trivial réduction 
map. 
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The pseudo-effective réduction map is also universal with respect to two 
other weaker properties. 

Theorem 5.4. Let X be a normal variety and let L be a pseudo-effective 
diviser. Let (p : Y ^ X be a smooth model and ir : Y ^ Z a morphism 
realizing the pseudo-effective réduction map as in Theorem \1.3l Then 

(1) i'{Pcj{(p* L)\p) = for a gênerai fiber F ofir, and 

(2) i>x\f{4'*L') = for a gênerai fiber F o/vr. 

Moreover, if (p' : Y' ^ X is a smooth model and vr' : y' — > Z' is a morphism 
with connected fibers satisfying either (1) or (2), then the pseudo-effective 
réduction map for L factors birationally through vr'. 

Proof. The fact that the pseudo-effective réduction map satisfies condition 
(1) was shown in the proof of Theorem 11.31 Note that any map satisfying 
condition (1) also satisfies condition (2) since 

Thus it sufîices to see that the pseudo-effective réduction map is the maximal 
quotient satisfying condition (2). Any map vr' satisfying vx\f{4>'* !-') = also 
satisfies i'x\ci4''*L) = ^oi a very gênerai curve C in a gênerai fiber F. We 
conclude by noting that the pseudo-effective réduction map is the generic 
quotient by ail such curves. □ 

Many properties of the pseudo-effective réduction map follow from the 
corresponding properties for the L-trivial réduction map. Property (3) is 
proved in [EckOSj Proposition 4.5 and the others are implicit in Eckl's work. 

Proposition 5.5. Let X be normal and let L be a pseudo-effective divisor. 

(1) If k{L) > then the litaka fibration for L factors birationally through 
the pseudo-effective réduction map for L. 

(2) If fi : W X is a birational map then the pseudo-effective réduction 
map for L is birationally équivalent to the pseudo-effective réduction 
map for n*L. 

(3) If L is nef then the pseudo-effective réduction map for L is bira- 
tionally équivalent to the nef réduction map. 

(4) The pseudo-effective réduction map for L is birationally équivalent 
to the pseudo-effective réduction map for P(j[L). 

Proof. Thèse are ail conséquences of Proposition 14. 101 and Corollary l5.3l □ 

Example 5.6. Suppose that L has a Zariski décomposition, i.e. there is a 
birational map (j) : Y ^ X such that Pa{4'*L) is nef. Then the pseudo- 
effective réduction map for L is birationally équivalent to the nef réduction 
map for P(j{(f)*L). 

The following theorem of |Nak04j is very useful in our situation. 

Theorem 5.7 ( |Nak04| . V.2.26). Let f : X ^ Z be a morphism of normal 
varieties and let L be a pseudo-effective divisor on X such that k{F, L\f) = 
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and ^{LIf) = for a gênerai fiber F of f. Then there exists a morphism 
g : W ^ T of smooth varieties birationally équivalent to f (with birational 
map ii:W ^ X) and a divisor D on T such that P„{jj*L) Pfj{g*D). If 
L is a Q-divisor, then D is a Q-divisor as well. 

As a conséquence, when n{L) > ail the interesting geometry of L can 
be detected on the base of the pseudo-effective réduction map: 

Corollary 5.8. Let X be a normal variety and let L be a divisor with 
k{L) > 0. Dénote the pseudo-effective réduction map for L by tt : X Z. 
There is a morphism g : W ^ T birationally équivalent to tt (with birational 
map n : W ^ X), a divisor D on T, and an integer m > 1 such that 

(1) mP„{g*D) < m(f>*L, 

(2) the degree m truncations of the section rings R{X, L) and R{T, D) 
coincide, i.e. 

^H\X,Ox{[jmL\)) ^^H\T,OT{[jmD\)), 

3 3 

(3) u{T,D) = u{X,L). 

Proof. Let (/> : y — )• X be a resolution of the pseudo-effective réduction 
map vr : y ^ Z. Then v{P„{(t)* L)\f) = and P^((/)*L)|ir) = (since 
k{L) > 0). Apply Theorem 15.71 to Pa{4>*L) and vr to construct a morphism 
g : W ^ T. Since mP^{fi*L) < mfj.*L, R{X,L) ^ P^(^*L)), and 

v{L) = v[P(j{ii* L))^ the properties follow immediately. □ 

By analogy to the nef dimension, we define the pseudo-effective dimension 
p{L) of L to be the dimension of the image of the pseudo-effective réduction 
map for L. Note that p{L) is a numerical and birational invariant of L. 

Proposition 5.9. Let X be smooth and let L be a pseudo-effective divisor. 
We have 

k{L) < u{L) < p{L). 

Proof. We just need to check the last inequality. Choose (j) : Y ^ X and 
TT : y — >■ Z as in the définition of the pseudo-effective réduction map. By 
Proposition Em we have v{L) = v{P„{<i)*L)) < z/(P^(0*L|f)) +dimZ = 
dimZ where is a gênerai fiber of tt. □ 

Note that the triviality condition i'{Pf^{(j)* L)\f) = on the fibers of the 
pseudo-effective réduction map is weaker than the condition i/((/>*L|i?) = 
on the fibers of the L-trivial réduction map. This distinction is crucial for 
the study of adjoint divisors Kx + A. One wonders whether the stronger 
condition iy{(j)*L\F) = holds on the fibers of the pseudo-effective réduction 
map as well. Although we show it for abundant divisors in Theorem 16. 1^ 
the following example shows that this condition fails in gênerai. 

Example 5.10. We will construct a threefold X and a divisor L such that 
the pseudo-effective réduction map for L is a morphism vr : X — )• 5* to 
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a surface S and N„{L) has positive intersection with the fibers of vr. In 

particular, Na{L)\F is ample for a gênerai fiber F of tt, so that vr does not 

satisfy the stronger condition i'{L\p) = 0. 

Let S be any surface carrying a nef divisor D such that = and 
• C > for every curve C on S. Fix an ample divisor A on S. Define X 

to be the projective bundle 

7r:¥s{Os®Os{-A))^S. 

We let T dénote the zéro section and set L = T + n* D. 

Our next goal is to calculate N^{L). |Nak04j Ch. III. 3 shows that Pcj{L)\e 
is pseudo-effective for any smooth prime divisor E. Since (L — cT)\t = 
D + {c — 1)A is not pseudo-effective for c < 1, we must have Nfj{L) > T. 
But L - T = Tr*D is nef, so in fact N^{L) = T and P„(L) = tt*D. By 
construction 71*0-0 > for any curve C not contracted by vr. Thus vr is the 
pseudo-effective réduction map for L. However, T has positive intersection 
with the fibers of vr. 

One important feature of the nef réduction map is that it is almost proper, 
i.e. the gênerai fiber of vr : X --->■ Z is proper. This is no longer true 
for the pseudo-effective réduction map as demonstrated by Example 14.11 
However, one might hope that B_(L) represents the "obstruction" to the 
almost properness of the pseudo-effective réduction map. 

Question 5.11. Let X be a smooth variety and let L be a pseudo-effective 
divisor on X. Is there a birational model (p -.Y ^ X centered in B_(L) and 
an almost proper map / : y --^ Z such that / is birationally équivalent to 
the pseudo-effective réduction map? 

6. Abundant Divisors 

Recall that a divisor L is said to be abundant if k.{V) = v{L). It turns 
out that this condition has strong géométrie conséquences. As a gênerai 
principle, one expects that the asymptotic behavior of sections of abundant 
divisors should be described by numerical properties. This principle has 
been established for nef divisors in the papers |Kaw85] and [RusOTj . We will 
study the gênerai case using the pseudo-effective réduction map. 

The most important resuit in this section is the following list of équivalent 
conditions for abundance. Partial results in this direction were known be- 
fore: the most important équivalence (1) (3) is demonstrated in [Eck05] 
and the équivalence (2) (4) was shown in |Nak04] . The case of adjoint 
divisors Kx + A for a kit pair (X, A) was also considered by Nakayama. 

Theorem 6.1. Let X be a normal variety and L a divisor with k.{L) > 0. 
The following are équivalent: 

(1) k(l) = k^). 
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(2) Let jjL : X' ^ X he a hirational map and f : X' Z' a morphism 
resolving the litaka fibration for L. Then 

u{fi*L\F) = 

for a gênerai fiber F of f . 

(3) K{L)=p{L). 

(4) There is a smooth variety W admitting a birational map fi : W ^ 
X and a morphism g : W ^ T with connected fibers such that 
Pa{n*L) Pfj{g*B) for some big divisor B on T. 

It is worth emphasizing that condition (2) implies the strong condition 
z/((/)*L|f) = on a gênerai fiber of the pseudo-effective réduction map. 

Proof. 

(1) =^ (2): For ease of notation, note that by blowing up we may assume 
that the litaka fibration for L is actually a morphism f : X ^ Z of smooth 
varieties. We would like to show that z/(L|f) = for a gênerai fiber F of /. 

Recall that the numerical dimension l'iL) is defined to be the minimal 
dimension of a (gênerai) reduced closed subset W such that L )^ W. Choose 
a subset W achieving this minimal dimension. Note that W dominâtes Z 
under /. If it did not, there would be some very ample divisor H on Z such 
that f*H contains W. But since f*H < rriL for some m, we would have 
L f*H W, a contradiction. In particular, W DF ïs 0-dimensional for a 
gênerai fiber F oî f. 

Let i;^ : y — 7- X be a birational map extracting 1^ as a divisor so that 
(/>~^Xi4/ • Oy = Oy{—E) for some divisor E. Let g dénote the composition 
f o (j) : Y ^ Z. Since W dominâtes Z under /, the restriction of to a 
gênerai fiber of g has codimension 1. 

By Remark 12.151 L )^ W implies that there is an ample divisor A such 
that x(f)*L — E + A is not pseudo-effective for any x > 0. Now, choose 
any compact slice of NMiiY), and let Q dénote the closed région of this 
compact slice on which —E + A \s non-positive. If (j)*L is positive on Q, 
then (by compactness) x(j)*L — E + A \s positive on ail of NMiiY) for x 
sufîiciently large, a contradiction. 

Thus, there must be at least one curve class a G NMi{X) with E ■ a> Q 
and (j)*L -0 = 0. This latter condition implies that g* H • a = for an ample 
divisor H on Z. Let G be a gênerai fiber of g. Theorem 12.71 shows that 
there is a surjection : NMi{G) — )> NMiiY/Z). Thus, there is some nef 
curve class /3 on G with (^*L|g • /3 = and E\g ■ /3 > 0. So <j3*L\G ^ E\g. 
In other words, if = </>(G) dénotes the corresponding fiber of /, we have 
L\p ^ W r\F. Since W r\F has dimension this yields v{L\f) = 0, finishing 
the implication. 

(2) =^ (3): It follows from (2) that p{L) < k{L), and the reverse inequality 
is shown in Proposition 15.91 
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(3) =^ (4): Apply Theorem 15.71 to the pseudo-efFective réduction map to 
find a morphism g : W T birationally équivalent to the litaka fibration 
such that Pa{fi*L) ~(Q Pa-{g*D) for some divisor D onT. D must be big for 
L to have the correct litaka dimension. 

(4) =^ (1): It is clear that P(j{p,*L) is abundant. By Theorem 12.201 this is 
équivalent to the abundance of L. □ 

CoroUary 6.2. Let X be a smooth variety, L an abundant divisor on X, 
and f : X ^ Z a morphism birationally équivalent to the litaka fibration 
for L. For any effective divisor D ~(q L the f -horizontal part D^ot of D 
satisfies Dhor < ^a{L). 



Proof. Since u{D\f) = u{L\f) = for a gênerai fiber F of /, we know that 
Pa{D)\F = 0. But Pa{D) is effective, so that in fact Pa{D)\F = 0. Thus 



Condition (4) of Theorem 16.11 implies that abundant divisors satisfy some 
of the same properties as big divisors. We will collect some of thèse here. 

6.1. Continuity Results. 

CoroUary 6.3. Let X be a normal variety and L be an abundant divisor. 
Suppose that D is Q-linearly équivalent to an effective divisor and satisfies 
D = L. Then D is also abundant. 

Proof. It suffices to show that n{D) = k{L). Recall that there is a birational 
map /i : VF —7- X and a morphism g : W ^ T with connected fibers such that 
PaifJ-*L) ~Q Pa{g*B) for some big divisor B on T. Thus P„{^i*D)\g = for 
a gênerai fiber G oî g. Since D is Q-linearly équivalent to an effective divisor, 
PaifJ-*D)\G ~Q 0. Thus k{G,P„{^i*D)\g) = 0. Theorem ET] implies that 
(after possibly passing to a higher birational model) Prj{n*D) ~q Po-{g*B') 
for some divisor B' on T. By |Nak04j III. 5. 15 we must have -Po-(-B) = Pa-{B'). 
This means that B' is a big divisor, showing the abundance of -D. □ 

We next study the behavior of asymptotic valuations of abundant divisors. 
When a valuation measures the order of vanishing along a divisor T on some 
birational model (p : Y X, we say that î; is a divisorial valuation and 
dénote it by vt- 

Proposition 6.4. Let X be a normal variety and let L be an abundant 
divisor. Suppose that v = vt is a divisorial valuation on X . For any ample 
divisor A on X 



Using Theorem 16. Il we reduce this proposition to the case where L is the 
pullback of a big divisor. This case is already proved in |Nak04] III. 5. 15. 



Dhor- < N„{D) = N,{L). 



□ 
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Proof. Suppose that (f> : Y ^ X is a. smooth birational model. Choose an 
ample diviser Ay such that Ay — 4>*A is ample. Then 



lim vt 



L + —A 

m 



> lim Vt 



fj*L + —Ay 
m 



Therefore it suffices to prove the proposition after passing to any higher 
model. In particular we may assume from now on that T is a divisor on X. 

By Theorem l6.1l by passing to a higher model we may assume there is a 
morphism f : X ^ Z oi smooth varieties with connected fibers such that 
Pc^{lJL*L) ~Q P(j{g*B) for a big divisor B on Z. By flattening and resolving 
we may assume that f{T) is a divisor T' on Z. |Nak04j III. 1.8 states that 
for any pseudo-effective divisor L we have 

VTm\)=VT{\\P.{L)\\)+VT{N.{L)). 

Since Y\mm^oov{Ntj{L + ^A)) = v{Nr^{L)), we may subtract N(j{L) from 
both sides of the desired equality and add on Na{f*B) to reduce to the case 
where L ~q f*B. Let T' dénote /(T). |Nak04j III.5.15 checks that 

(JT{\\rB\\) = (multTrr')aT'(l|S||)- 
Since B is big, cJT'dl-BH) = We finish the proof by noting that 

VT{\\rB\\) = imnltTrT')vT'i\\B\\). 



□ 



6.2. Positivity Results. Abundant divisors provide a natural setting for 
vanishing theorems. In gênerai we expect that abundant divisors satisfy 
vanishing theorems similar in form to those for big divisors. In this section 
our goal is to give an example of this principle. 

Proposition 6.5. Suppose that X is smooth, L is an abundant Z-divisor, 
and X admits a morphism f : X ^ Z that is (hirationally équivalent to) 
the litaka fibration of L. Suppose that D is an effective Z-divisor such that 
L — eD is pseudo-effective for some e > and Supp(L>) ^ B_(L). Then the 
map 

H\X, Ox{Kx +L)ç^ J{\\L\\)) ^ H\X, Ox{Kx + L + D) J{\\L\\)) 

determined by D is injective for every i > 0. 

The main point is that the abundance of L allows us to set numerical 
conditions on D. The proof is a straightforward application of the following 
theorem. 

Theorem 6.6 ( |Kol95j .Theorem 10.13). Let f : X Z be a surjective map 
with X smooth and Z normal. Suppose that M is a "L-divisor such that 
M = N + IS. where N is the pullback of a big and nef Q_- divisor on Z and A 
is a Q-divisor with simple normal crossing support such that [AJ = 0. Let 
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D be a ï-divisor with D > such that Supp(L') does not dominate Z under 
f. Then the map 

H\X, Ox{Kx + M)) ^ H\X, Ox{Kx + M + D)) 

determined by D is injective for every i > 0. 

Proof of Proposition \6.5i - Choose p sufficiently divisible so that ^(||L||) = 
J{l\pL\) and the map (j)\pL\ : X --^ T defined by the Hnear séries \pL\ is 
birationally équivalent to the litaka fibration. Let (j) : Y X he a resolution 
of (plpL] so that (p*\pL\ = \Wp\ + Fp for some basepoint free linear séries \ Wp\ 
and effective divisor Fp. Let g -.Y ^ T dénote the resolved map and choose 
a gênerai divisor € | Wp \ . Thus 



P 



-N + A 

p 



where is the pull-back of an ample divisor on T and A has fractional 
coefficients. 

The important point is to show that Supp(çi>*D) does not dominate T 
under g. By assumption the restriction of (f)*{L — eD) to a gênerai fiber G of 
g is pseudo-effective. Theorem 16.11 implies that v{(j)*L\G) = for a gênerai 
fiber G of g. In particular P„{(j)*L)\G = 0. Since v{(t)*L\G) = and (j)*D\G 
is effective, this can only happen if 4)*D\g < N^^lcj)* L)\g. 

If (p*D had a 51- horizontal component, the support of this component 
would lie in Ncj{<j)*L). But this contradicts our assumption on Supp(L'). 
More precisely, note that by Corollarv l6.2l the subset Supp(-D) nB_(L) does 
not dominate Z under /. Since / is birationally équivalent to g, Supp(</>*D)n 
B_(0*L) does not dominate T under g. We conclude that (l)*D has no g- 
horizontal components. 

Applying Theorem 16.61 vields an injection 

H\Y, OYiKY+^*L)®Ji\\(l)*L\\)) ^ H\Y, OYiKY+(l)*L+^*D)®J{\\<l)*L\\)) 

Pushing down to X, we have a map on cohomology 

H\X, Ox{Kx + L)^ J{\\L\\)) ^ H\X, Ox{Kx + L + D) ® J{\\L\\)) 

The spectral séquence relating thèse cohomologies stabilizes at the first step 
by local vanishing (see |Laz04] 9.4.1). Thus, the map of cohomology on X 
is still an injection. □ 
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